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Abstract The aim of this paper is to obtain the continuity of solutions to time-dependent
nonlinear variational and quasi-variational inequalities which express many dynamic equi-
librium problems. To prove our results, we make use of Minty’s Lemma and of the notion of
the Mosco’s convergence.
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1 Introduction

The paper develops the works of Refs. [1,2] regarding the continuity of solutions to evolu-
tionary variational and quasi-variational inequalities, showing that the analogous continuity
results hold also for nonlinear evolutionary variational and quasi-variational inequalities. The
Minty’s Lemma for variational inequalities and the notion of the Mosco’s convergence play
an important role in the attainment of these results.

The outline of the paper is as follows: we first provide the theoretical foundations and
the historical development of the theory of time-dependent variational and quasi-variational
inequalities which equivalently express dynamic equilibrium problems, in Sect. 2. In Sect.
3, we introduce a nonlinear and strongly monotone variational inequality and we prove that
the unique solution is continuous with respect to time under the assumption that the data are
continuous (see Theorem 3.2). In Sect. 4, we consider a nonlinear and strongly monotone
quasi-variational inequality and also in this case we are able to prove the continuity of the
solution (see Theorem 4.2).
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2 The dynamic model

Let us consider the model of a dynamic traffic network. It is represented by a graph G =
[N, L], where N is the set of nodes and L is the set of directed links between the nodes. Let
R, be a path consisting of a sequence of links which connect an Origin-Destination (O/D)
pair of nodes. Let m be the number of the paths in the network. Let )V denote the set of
the O/D pairs with typical O/D pair w;, |[W| = [ and m > [. The set of paths connecting
the O/D pair w; is represented by R ; and the entire set of paths in the network by R. The
topology of the network is described by the pair-link incidence matrix ® = (¢; ), where
@j,ris lif path R, € R; and 0 otherwise. The flow vector is a time-dependent flow trajectory
F : [0, T] — RY, while the topology remains fixed. Each component F, (z) of F(t) gives
the flow trajectory F : [0, T] — R’ which has to satisfy almost everywhere on [0, T] the
capacity constraints A(t) < F(t) < () and the traffic conservation law ®F (1) = p(t),
where the bounds A < w and the demand p = (p;)w jew are given. We assume that A and
u belong to L%([0, T, R™) and that p lies in L%([0, T, R7). Assuming in addition that
DA(t) < p(t) < Du(r) a.e.in [0, T'], we obtain that the set of feasible flows

K= {F € L2([0, TL,R™) : A(t) < F(1) < u(t), ®F(1) = p(t), a.e.in [0, T]}

is nonempty, as it is shown in Ref. [7]. Clearly K is a convex, closed, bounded subset of
L2([0, T, RY). Let C : [0, T] xR — R be the cost trajectory. The equilibrium condition
is given by a generalized version of Wardrop’s condition (see Refs. [5,6]), namely:

Definition 1 A flow H € K is a user traffic equilibrium flow if Yw; € W, Vq, s € R; and
a.e. in [0, T] it results:

Cy(t, H(1)) > Cs(t, H(1)) = Hy(t) = Aq(t) or H(t) = py(2). (H

The overall flow pattern obtained according with condition (1) fits very well in the frame-

work of the theory of variational inequalities. In fact, in Refs. [5,6] the following result has
been proved:

Theorem 1 A flow H € K is an equilibrium pattern if and only if it satisfies the following
evolutionary variational inequality:
T
/ (C(t,H(t)), F(t) — H(t))dr =0, VF eK. 2)
0

We recall a sufficient condition in terms of the operator C (¢, F) (see Ref. [8]).

Theorem 2 Let C(t, F) : [0, T] x R} — R be a vector-function measurable in t, contin-
uous in F and such that for each F € K it results

ICE FE)lm < AOINF@Om + B(), ae.in [0, T], 3)
with B € L%([0, T, Ry)and A € L*([0, T], Ry), and for each H, F € K it results
(Ct,H(t)) —C(t,F(t)),H(t)— F(t)) >0, ae.in[0,T]. “4)

Let A, u € L%([0, T, R and let p € L2([0, T, Rﬂ_) be vector-functions. Then, the varia-
tional inequality (2) admits solutions.

It is well known that if C is in addition strongly monotone, namely for all F, H € K there
exists v > 0 such that

(C(t,F(t)) =C(t,H(@)), F(t) —H(®)) > v||F — Hllﬂzw, a.e.in [0, T]. 5)

the solution to the evolutionary variational inequality (2) is unique.
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We remark that problem (2)(see Ref. [9]) is also equivalent to the following one:
Find H € K such that

(C(t,H(t)), F(t) —H()) >0, VF()e€K(), ae.in[0,T], (6)

where
K@) = [F(t) eR™: A1) S F(t) < u(t), ®F(t) = p(0),

forae.r € [0, T].

Moreover, it is easy to see that if the path cost vector is linear with respect to the path flow
vector, i.e. C(t, H(1)) = A(1)H (t) + B(t), where A = (Ays)r5=1,2,...m : [0, T] — R}*"™
is a bounded nonnegative definite matrix-function, that is,

IM > 0 [AQ) s = ( D Afs(t))j <M, ae.in[0,T], @

r,s=1

(A(F(t), F(t)) >0, VF(t) e K(), a.e.in[0,T], 8)

and B € L%([0,T], R7), then there exists some solution to the variational inequality (6).
Moreover, if A is a positive definite matrix-function, namely

I >0: (AOF@®), F(O)) = v|F®)|%, YF@) € K@), ae.in [0, T], )

the solution to the evolutionary variational inequality is unique.

Now, let us introduce the time-dependent elastic problem which arose whenever travel
demands are not only dependent on the time but also on the equilibrium distribution. In fact,
it is clear that travel demands are influenced by the evaluation of the amount of traffic flows
on the paths, namely by the forecasted equilibrium solutions. In particular, we assume that
the travel demand p depends on the equilibrium solutions H (¢) in the average sense, namely
that p(H) = + [} o, H(v))dr.

Let A, pn:[0,T] — R7, let p : [0, T] x RT — R, let D € L*([0, T],R"}) be a non-
empty, compact and convex subset and let K : D — 2L (0.TVRY) be g set-valued mapping,
defined by

K(H) = [F e L*([0, T], RY) : A(t) < F(t) < u(?) ae.in[0,T],

T
OF(t) = %/0 p(t, H(t))dt a.e.in [0, T]].

Then the quasi-variational inequality that models the traffic equilibrium problem in the
elastic case is the following:
Find H € K such that

T
/ (C(t,H()), F(t) — H(t))dt =0, VF e K(H). (10)
0

Regarding the existence of solutions, let us recall the following general result (see Ref.

[14]):
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Theorem 3 Let X be a topological linear locally convex Hausdorff space and let E C X be
a convex, compact and nonempty subset. Let C : E — X' be an upper semicontinuous multi-
valued mapping with C(H), H € E, convex, compact and nonempty and let K : E — E be
a closed lower semi continuous multivalued mapping with K(H), H € E, convex, compact
and nonempty and let ¢ : E — R a convex lower semicontinuous function. Then, there exists
H* € C such that:

a H* e K(H"),
b there exists F* € C(H*) for which

(H—H*, F*)+@(H) — o(H*) >0, VH € K(H*).

A consequence of this result is a sufficient condition showed in Ref. [11], Theorem 3, and
in the following it is presented.

Theorem 4 Let C : [0, T] x R — R} be an operator verifying the following conditions:

C(t, F) is measurable in t YF € R}, continuous in F, a.e. in [0, T],

Iy € L*((0, T : IC(t, F)llm <y (@) + | Fllm. YF €RY, ae.in[0,T],
and
v>0: (Ct,H)—C(t,F),H—F)>v|H— F||,2n, VH, F € Rﬁ, a.e.in [0, T].

Let &, u € L%([0, T, R’Y) be vector-functions and let p € L2([0,T] x R™, R[_F) be an
operator verifying the following conditions

e L0, TD : llo@t, F)lli < ¥ (@) + |Fl%, YF eRY, ae. in[0,T],

Fv e L2([0.T]) : ot H) — p(t. )i < v(|H — Fllw, YH,F €RY, a.e.in[0,T].
Then, the evolutionary quasi-variational inequality
T
HeK(H): / (C(t,H(t)), F(t) — H(t))dt = 0, VF e K(H),
0

admits a solution.

We set
T
K, H) = ‘F(t) eR™: A1) < F(t) < u), ®F@t) = %/ p(t, H(r))dr],
0

for a.e. t+ € [0, T], and we observe that problem (10) (see Ref. [9]) is equivalent to the
following one:
Find H € K(H) such that

(C(t,H()), F(t) —H(@®)) >0, VF()eK(t, H), ae.in[0,T]. 11)
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3 Continuity for evolutionary nonlinear variational inequalities

In this section, we will extend the theorem of continuity for solutions to linear evolutionary
variational inequalities proved in Ref. [1] assuming, now, that the cost operator is nonlinear.

We recall that if the cost C(z, F(¢)) is a linear operator with respect to the flows, namely
it results

C(t,F(@t)) =A@F(t)+ B(1),

foreacht € [0, T], where A : [0, T] — Rrﬁxm and B : [0, T] — R are two functions, we
obtained the following continuity result (see Theorem 3.2 in Ref. [1])

Theorem 5 Ler A € C([0, T, R'Y*™) be a positive defined matrix-function and let B €
C([0, T1, RY) be a vector-function. Suppose that ), ;v € C([0, T1,R’}) and p € C([0, T],
Rﬂ_). Then, the evolutionary variational inequality

HeK: (A®O)H(t)+ B(t), F(t) — H()) >0, VF() e K(), in[0,T], (12)

admits a unique solution H € K such that H € C([0, T], RY). Moreover, the estimate

1
IHr — Hallc o, 71, Rm) < ;”Bl — Ballcqo,11,mm)
holds, where v is the constant of positive definition of matrix A.

This result also holds if the matrix A € C([0, T], R’ﬁxm ) is supposed degenerate, namely
A satisfies the following condition

(AOF @), F1)) =2 v(OIIFOII,. VYF(t) € K@), in [0, T],
where v € L ([0, T'], R(J{) is such that
A1 <0, T], u(I) >0: v(t) =0, Vtel,

as Theorem 3.2 shows in Ref. [2].
Before proving our results, we recall the concept of Mosco’s convergence.

Definition 2 (see Ref. [10]) Let (V, ||-||) be an Hilbert space and K C V aclosed, nonempty,
convex set. A sequence of nonempty, closed, convex sets K, converges to K as n — 400,
i.e. K, — K, if and only if

(M1) forany H € K, there exists a sequence { H, }, N strongly converging to H in V such
that H, lies in K, foralln € N,

(M2) for any subsequence { Hy, },en weakly converging to H in V, such that Hy, lies in Ky,
for all n € N, then the weak limit H belongs to K.

Definition 3 (see Ref. [12]) A sequence of operators A, : K, — V' converges to an operator
A:K— V'if

”Aan_Aian”* <M||H11_Fn||! VHn»Fn eKI’l! (13)

(AyH, — AyFy, Hy — F) > v|H, — Fn“z, VH,, F, € K, (14)
hold with fixed constants M, v > 0 and
(M3) the sequence {A, H, },cn strongly converges to AH in V', for any sequence {H, },eN,

such that H,, lies in K,, for all n € N, strongly converging to H € K.
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In (13) || - ||« is the norm in the dual space of V.

We remak that the following Lemma holds.

Lemma 1 Let A, u € C([0, T],RY), let p € C([0, T, Ri) and let {t,},eN be a sequence
such thatt, — t € [0, T], as n — +o00. Then, the sets sequence

K(t) = {F(t) € R™ 1 2t) = F) = ltn), ®F(0) = p(tn) ],
Vn € N, converges to
K@) = {F(t) ER™ A1) S F(t) < pu(t), ®F(1) = p(t)},
as n — +00, in Mosco’s sense.
Proof See proof of Theorem 3.2 in Ref. [1]. O

Remark 1 Theorem 5 still holds true if K(¢), ¢ € [0, T], is a family of sets satisfying the
following condition

M) K(),t € [0, T], is a family of nonempty convex, closed sets of R” such that K(z,)
converges to K(7) in Mosco’s sense, for each sequence {#,},en < [0, T], with ¢, — ¢,
asn — 400,

as it is shown in Ref. [3], Theorem 3.2.

In the following, let us consider a nonlinear cost operator
C:[0,T] x R" — R™,

and let us study under which assumptions the continuity of the solution to the next evolu-
tionary variational inequality with respect to the time can be ensured:
Find H € K such that

(C(t,H()), F(t) —H(@)) >0, VF() e€K(), ae.in[0,T], (15)

where the family K(#) satisfies condition (M).
From here onward, let us assume that the operator C : [0, T] x Rﬂ — Rﬁ verifies the
following assumptions:

ICE, FE)llm < AOINF @ |m + B@), VF@) € K@), in [0, T], (16)
with B € L%([0, T]) and A € L*([0, T]), and it results
(Ct, Fi(1) — C(t, F2(1)), Fi(t) — F2(t)) = v||[F1(t) — Fa()l7,. )

for each F(t), F>(t) € K(¢) and in [0, T'].
In the proof of the continuity result the following important Lemma (see Ref. [13], Lemma
2.2), regarding Minty variational inequality, will be used.

Lemma2 Let C(t, F) : [0, T] x R} — R be a vector-function measurable in t, con-
tinuous in F and satisfying conditions (16) and (17). Let A, n € L%([0, T, R%) and let
p € L*([0, T], ]R{,_) be vector-functions. Then, the time-dependent variational inequality
(15) is equivalent to

HeK: (C@t,F(t),Ft)—H@) >0, VF@t) eK(), a.e.in[0,T].
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Now, we can generalize Theorem 5 for nonlinear time-dependent variational inequalities,
showing the following result, that is the main result of this work.

Theorem 6 Let C € C([0, T] xR}, R™) be an operator verifying conditions (16) and (17).
Let K(t),t € [0, T], be a family of sets satisfying condition (M). Then, the evolutionary
variational inequality

HeK: (Ct, H®)), F(t) — H(t)) >0, VF(@) e K(), in[0, T]. (18)
admits a unique solution H € K such that H € C([0, T], R™).

Proof Taking into account Theorem 2 and condition (17), it results that (18) admits a unique
solution H (t) € K(t), fort € [0, T].

Lets € [0, T]be fixed and let {t,, },eny C [0, T'] be a sequence, with #,, — ¢. Our statement
is equivalent to say that the unique solution H (¢,), for n € N, to the following variational
inequality

H(ty) € K1) © (C(tn, H(tn)), F(tn) — H(ty)) = 0, VF(1,) € K(1n), (19)
converges strongly, as n — 400, to the solution H (¢) to the limit problem
H(t)eK@®) : (Ct, H()), F(t) —H(t)) >0, VF(t) € K@), (20)
namely
nEToo H(t,) = H(t) inR™.
For the solution H (1) € K(¢) to (20), we use the properties of the Mosco’s convergence of

{K(ty)}nen to K(2), as n — +o00. Then, it is possible to choose a sequence {G (t,,) }en, With
G(ty) € K(t,), Vn € N, such that,

lim G(t,) = H(t) inR"™
n——+oo
and, by virtue of the assumption on the operator C, we obtain

Er}rloo C(ty,G(ty)) =C(t, H(t)) inR™.

Setting F(t,) = G(t,) in (19), we have

(C(tn, H(tn)), G(tn) — H(tp)) = 0, 21
and using the strong monotonicity of the operator C, it results

(Ctw, H(1)) = Ctn, G(t)), H(tn) — G (1)) = V|| H (ty) — G(ta) |7,
From (21) we derive that
(C(tn, H(tn)) = C(tn, G(tn)), H(tn) — G(tp)) = (C(tn, H(tn)), H(tn) — G(1n))
—(Ctn, G(tn)), H(ty) — G (1)) = =(C(tn, G(tn)), H(tn) — G (1)),
then
VIH (1) = G(ta)llp, < —(C(ta, G(t)), H(ty) — G (1))

= N1Cn, G lm 1 H (tn) — G (@) llms
that is

VIH () = Gt llm = 1€ (tns GEn))lm-
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Hence, one deduces

A

IH (t)lm < 1H () — Gl + 11G ) llm

C n?G n m
< M G .

Since {C(t,, G(t,))}nen is a convergent sequence then it is bounded, i.e.
dh eRy: |CUy, Gl <h, VneN,
for the same reason, the sequence {G(#,)},en is bounded, i.e.
dkeRy: |G m <k, VYneN.
From those conditions, it follows

IH ) lm < ¢, VYneN,

where the constant ¢ is independent on n. Hence there exists a subsequence {H (#,)}neN
converging in R™ to an element H () € R, and thus

dim H (1) = H().
Moreover, taking into account the second condition of the Mosco’s convergence, we have
H(t) € K(1).
By virtue of the Mosco’s convergence, it follows

VF(t) € K(2), 3F(t,) € K(ty) : nETooF(t”) = F(t), in R",

and from the assumption on the operator C, we get

lim C(t,, F(t,)) = C(t, F(2)), in R™.
neN

Now, we consider the following variational inequality
(Cltk,, F(tr,)), F(t,) — H(tg,)) = 0,
and passing to the limit as n — 400, we obtain
H(r) e K1) : (C(t, F(t)), F(t) — H(1)) = 0, VF(1) € K(1),
which, again by Lemma 2 and the uniqueness of the solution to (20), implies
H(@t) = H(1).

Then it follows that every subsequence of { H(#,)},en converges to the same limit H (t) and
hence

lim H(t,) = H@).

n——+4o0

Remark 2 Taking into account Lemma 1, it results that Theorem 6 holds if K is the typical
constraints set of dynamical equilibrium problems (see [4], namely)

K ={F e L0, TLRY) : M) = F(O) < w(o), ®F () = p(0), in[0,71},

where A, u € C([0, T],R%) and p € C([0, T], ]R[Jr), then the solutions to time-dependent
traffic equilibrium problems are continuous.
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4 Continuity for nonlinear evolutionary quasi-variational inequalities

In this section, we will prove a continuity result for solutions to evolutionary nonlinear
quasi-variational inequalities.

We remark that the set as in (11) fulfils conditions of the Mosco’s convergence, in partic-
ular the following lemma holds (see proof of Theorem 4.1 in Ref. [1]):

Lemma 3 Let A, u € C([0, T],RY) be and let p € C([0, T] x R}, Rl+) be such that
3y € L'([0, TLRY) : |p(t, )l < ¥ (0) + IFIZ,

and let {t,}nen C [0, T] be a sequence such that t, — t € [0, T], as n — +o00. Then, the
sequence of sets

T
K(t,, H) = {F(tn) ER" 1 A(ty) < F(ty) < u(ty), ®F(t,) = %/0 o (tn, H(T))d‘(},

Vn € N converges to

T
K(, H) = [F(t) e R" : A(t) < F(1) < u(t), BF(1) = %/0 olt, H(r))dr},

asn — +0o, in Mosco’s sense.

Now, we recall that if the cost C(¢, F(¢)) is a linear operator with respect to the flows,
namely

Ct,F(t)) =A@ F(t)+ B(1),

forae.t € [0, T], where A : [0, T] — R} and B : [0, T] — R’/ are two functions, we
proved the following continuity result (see Theorem 4.1 in Ref. [1])

Theorem 7 Let A € C([0, T1, R\™™) be a positive definite matrix-function and let B €
C([0, T, RY) be a vector-function. Let ., u € C([0, T],RY) be and let p € C([0, T] x
R, RQ_) be such that

3y € C(U0,TD : llp@t, F)li < (@) + | Fll,, YF €RY, in[0,T],

e CU0, T : lpt, Fi) — pt, F)lli = vOIIFy — F2llm, YF € RY, in [0, T],
Then, the evolutionary quasi-variational inequality

HeKH): (AW)H@) + B(t), F(t) — H(t)) >0, VF(t) € K(t, H), in[0, T],
admits a solution H € K(H) such that H € C([0, T], R}).

Remark 3 Theorem 7 still holds true if K is a set-valued mapping satisfying the following
condition

(MM) K : D — 2L (OTLRY) jg Jower semicontinuous with K(z, H), 7 € [0, T], H € D
nonempty, convex and compact of R such that K(z,, H) converges to K(t, H)
in Mosco’s sense, for each sequence {t,},eny € [0, T], with 1, — ¢ € [0, T], as
n — +00.
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From here onward, let us consider a nonlinear cost operator
C:[0,T] x R" — R"™,

and let us study the continuity of the solution to the following evolutionary quasi-variational
inequality
Find H € K(H) such that

(C(t,H()),F(t)y—H()) >0, VF(t) €K, H), a.e.in [0, T], (22)

where the set-valued mapping K satisfies condition (MM).
With little few modifications of Minty’s Lemma (see Ref. [13], Lemma 2.2), we can prove
this result.

Lemma 4 Let C : [0, T] x R} — R be an operator satisfying the following conditions:

C(t, F) is measurable in t, YF € R, continuous in F, a.e. in [0, T],

3y € L2([0,TD) : IC(t, F)llm < y (&) + |Fllm, YF € RY, a.e.in[0,T],
and
>0: (C@t, Fi)—C(t, Fr), F1 — F») > v||F| — F2||2 VFi, F, eR”, a.e.in [0, T].

m>

Let K be a set-valued mapping satisfying condition (MM). Then, the time-dependent varia-
tional inequality (22) is equivalent to

HeK(H): (Ct,F@),Ft)—H()) >0, VF()eK(, H), ae.in [0, T].
Now, we can prove the continuity result.
Theorem 8 Let C € C([0, T] x R%, R'Y) be an operator, verifying the following conditions
Iy e CAO, T : ICEH, F)llm <y @) + IFllm, YF eRY, in0,T], (23)
and

Fv=0: (Ct, F)=C(t, Fy), Fi—F)>v|[Fi—F2|?, YF, FeRY, in[0,T]. (24)

Let K be a set-valued mapping satisfying condition (MM). Then, the evolutionary variational
inequality

HeKH): (C(t,H@),F(t)—H@)) >0, VFt)eK(# H), in[0,T], (25)

admits a solution H € K(H) such that H € C([0, T], R}).

Proof From the assumption that C is a continuous operator, it follows that C satisfies all
conditions of Theorem 4. Then, the existence of H (¢) for ¢ € [0, T'] is guaranteed. Moreover,
the assumption (24) ensures that the solution H (¢) is unique in the set K(z, H).

Now, let ¢ € [0, T] be fixed and let {t,},eny < [0, T] be a sequence, with #, — ¢. The
thesis is equivalent to tell that the unique solution H(#,), forn € N, to

H(ty) € K(ty, H) : (C(tn, H(1p)), F(ta) — H(ta)) 2 0, VF(1,) € K(tp, H), (26)
converges strongly to the solution H (¢) to the limit problem

H(t)eK(t H)y: (C(t,H(t),F(t)y—H(t)) >0, VF(t) e K, H), (27)
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that is

lim H(t,) = H(t) inR™.

n——+00

With the same technique used in the proof of Theorem 6, we obtain that the solution to
evolutionary quasi-variational inequality (25) is continuous in [0, T].

Remark 4 Theorem 8, by virtue of Lemma 3, holds if the set-valued mapping K is defined

by

K(H) = {F € L*([0, T1,RY) : A(t) < F(t) < p(1),

T
OF(t) = / p(t, H(t))dz, in [0, T]],
0

withA, u € C([0, T],R})and p € C([0, T, Rﬂr), so the solutions to time-dependent elastic
traffic equilibrium problems turn out to be continuous.
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